In a model kinetic ion transport equation for the pedestal and scrape-off layer, passing-ion drift orbit excursions interact with spatially-inhomogeneous but purely diffusive transport to cause the orbit-averaged diffusivities to depend on the sign of v , preferentially transporting counter-current ions for realistic parameter values. The resulting pedestal-top intrinsic rotation is typically co-current, reaches experimentally relevant values, and is proportional to pedestal-top ion temperature T i | pt over plasma current I p , as observed in experiment. The rotation drive is independent of the toroidal velocity and its radial gradient, representing a residual stress. Co-current spin-up at the L-H transition is expected due to increasing T i | pt and a steepening of the turbulence intensity gradient. A more inboard (outboard) X-point leads to additional co-(counter-) current rotation drive. Beyond intrinsic rotation, comparison of heat and momentum transport reveals that neutral beam injection must be significantly unbalanced in the counter-current direction to cause zero toroidal rotation at the pedestal top.
In a model kinetic ion transport equation for the pedestal and scrape-off layer, passing-ion drift orbit excursions interact with spatially-inhomogeneous but purely diffusive transport to cause the orbit-averaged diffusivities to depend on the sign of v , preferentially transporting counter-current ions for realistic parameter values. The resulting pedestal-top intrinsic rotation is typically co-current, reaches experimentally relevant values, and is proportional to pedestal-top ion temperature T i | pt over plasma current I p , as observed in experiment. The rotation drive is independent of the toroidal velocity and its radial gradient, representing a residual stress. Co-current spin-up at the L-H transition is expected due to increasing T i | pt and a steepening of the turbulence intensity gradient. A more inboard (outboard) X-point leads to additional co-(counter-) current rotation drive. Beyond intrinsic rotation, comparison of heat and momentum transport reveals that neutral beam injection must be significantly unbalanced in the counter-current direction to cause zero toroidal rotation at the pedestal top.
I. INTRODUCTION
Toroidal rotation plays an important role in tokamak performance, stabilizing resistive wall modes 1 and contributing to E r shear, believed to suppress turbulent transport.
2 While neutral beam (NBI) heating applies significant torque to present-day tokamaks, future burning plasma experiments like ITER will receive relatively little external torque. 3 The experimental observation of intrinsic rotation in the absence of applied torque [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] is therefore of particular interest. In the edge, this intrinsic rotation is essentially always directed with the plasma current (co-current). [4] [5] [6] [7] [8] [9] [10] The effect can be of large magnitude, leading to pedestal-top intrinsic rotation velocities reaching tenths of the local ion thermal speed v ti | pt . = T i | pt /m i 7-10 and intrinsic torque comparable with the torque applied by a neutral beam source. 16 Although nontrivial core rotation profiles are often observed, the edge region appears to play a significant, sometimes dominant, role. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] Dedicated experiments are beginning to uncover local parameter scalings in the edge, where it appears that the rotation speed may be proportional to T i or its gradient.
10,15
A broad spectrum of theoretical models have been put forward to explain the rotation observations. Neoclassical models [17] [18] [19] [20] [21] [22] [23] have matched some experimental features, 12, 22, 24 but predict toroidal viscosities far lower than observed in experiment. 6, [12] [13] [14] [24] [25] [26] [27] Turbulent models have primarily focused on core physics, dominantly using quasilinear approximations, [28] [29] [30] [31] [32] mostly based on ITG [33] [34] [35] [36] [37] [38] [39] [40] and trapped electron [39] [40] [41] modes, identifying momentum pinches due to radial electric field (E r ) shear, 38, 39 temperature gradients, 28, 32 and magnetic inhomogeneity, [32] [33] [34] [35] [36] 41 as well as residual stress due to a) Electronic mail: tstoltzf@ipp.mpg.de the ion pressure gradient, 29 up-down asymmetric magnetic geometry, 40 the polarization drift, 30, 37 and Alfvén waves. 31 Effects due to non-resonant turbulent parallel acceleration of ions have also been estimated.
42-44
Stringer spin-up-type models 45, 46 have been applied to toroidal rotation problems, [47] [48] [49] although the resulting toroidal rotation drive is much weaker than the poloidal drive. 48 A number of scrape-off-layer (SOL) effects have been put forward, such as nonvanishing radial current, 50, 51 ion orbit losses, 10 and inward diffusion of transport-driven SOL parallel flows, 52, 53 but without self-consistent consideration of the confined plasma. Nonlinear turbulent simulations have exhibited nondiffusive toroidal momentum transport, 54 interpreted as resulting from the E × B and Coriolis pinches 55 or from residual stress due to zonal flow shear or a turbulence intensity gradient, [56] [57] [58] examined effects of rotation on internal transport barriers, 59 and demonstrated the reduction of quasilinear momentum transport effects by damped modes. 60 It has been argued that additional terms must be introduced to gyrokinetic formulations to accurately treat the momentum transport when toroidal rotation is small, 61 while a general toroidal momentum conservation theorem covering most present-day formulations has been rigorously proved.
62,63
Turbulence and transport in the tokamak edge involves orderings that differ significantly from the core, due principally to the extremely steep edge gradients of plasma parameters. 64, 65 In the edge of present-day tokamaks, equilibrium plasma densities and temperatures vary rapidly with minor-radial position r on a length scale L ⊥ around a centimeter or a few, [66] [67] [68] much shorter than the characteristic parallel length scale of turbulent fluctuations k −1 ∼ qR 0 (with q the safety factor and R 0 the major radius), several to many meters. 69, 70 The significant ion thermal Mach numbers observed at the pedestal top [7] [8] [9] [10] imply that minor-radial variation of the toroidal rotation velocity can achieve similar steepness.
The steep density and temperature gradients drive fluctuations into the strong turbulence regime, with statistics widely differing from the linear estimates used in quasilinear theory. 64, [71] [72] [73] [74] The extreme anisotropy k L ⊥ ≪ 1 implies that turbulent parallel acceleration of ions results in relatively weak nondiffusive momentum transport in the edge. For example, following Ref. 42 , one may compare a simple momentum diffusion term ∝ D r,r with potential intrinsic-rotation-driving cross-terms ∝ D r,v , D v ,r , finding the latter to scale relative to the former as k L ⊥ /k ⊥ ρ s , with k ⊥ a typical perpendicular wave number of the fluctuations, ρ s . = c s /Ω i , c s . = (T e /m i ) 1/2 , and Ω i the ion cyclotron frequency. Much smaller than one for typical edge parameters, this ratio exhibits the basic scaling of mechanisms relying on turbulent parallel acceleration, 75 which are generally further reduced by the fact that the required symmetry-breaking k is much smaller than the rms k used in the present estimate.
30,76
Mechanisms dependent on magnetic inhomogeneity bring in Mach number variations on the R 0 scale, [32] [33] [34] [35] 40 ,41 also much too gradual to explain the edge rotation gradients on the L ⊥ scale.
Situated on the open-closed field line boundary, the edge and SOL physics are inherently nonlocal. For example, particle and energy balance implies that the ion thermal transit time and turbulent diffusion time must be comparable in the SOL. 77 Since plasma parameters and gradients are continuous over the LCFS, 66,67 this ordering also holds in the outer edge, 78 fundamentally violating the slow-transport ordering underlying neoclassical theory 79, 80 and other radially-local models. 61 The unnormalized amplitude of potential fluctuationsφ also varies rapidly, decreasing with increasing r on a short length scale L φ ∼ L ⊥ , with L φ typically between one and several times L T e , the decay length for electron temperature T e . 67, [81] [82] [83] [84] [85] [86] 87 Crudely estimating the turbulent diffusivity D turb ∼ṽ 2 E τ ac with autocorrelation time τ ac ∼ 1/k ⊥ṽE forṽ E the magnitude of the fluctuating portion of the E × B drift v E , one concludes that D turb ∝φ/B should also decrease with increasing r, on the same scale length. To estimate the importance of collisional effects, multiply the pedestal-top thermal ion collision rate ν ii | pt by an ion crossing time τ c defined as the pedestal ion stored energy over the ion heat flux, getting numbers around 1 for typical AUG, JET, and DIII-D parameters. Since collisionality scales as v −3 , superthermal pedestal-top ions typically escape to the SOL without experiencing a single collision, while subthermal pedestal-top ions have one or more. It will be shown that somewhat superthermal pedestal-top ions dominate the spin-up mechanism discussed here, so a collisionless approximation appears reasonable, at least for qualitative modeling. Given these typical edge orderings, the present work treats a model axisymmetric driftkinetic transport problem for ions. Collisions, parallel acceleration, E r shear, E × B divergence, magnetic trapping, and nondiffusive transport are all neglected. However, the model geometry incorporates both a pedestal and SOL region, which are treated on equal footing. The transport is modeled with a spatially dependent turbulent diffusivity, taken to be velocity-independent since
. Although this approximation also neglects FLR effects, a finite passing-ion drift-orbit width is retained.
The resulting model leads to a remarkably simple physical picture of intrinsic rotation. 88 Consider passing ions in the model pedestal, streaming freely along closed drift orbits with unchanging parallel velocity v , while diffusing radially due to the fluctuating E × B drift. Regardless of the orientation of the toroidal field and plasma current, the drift orbits of co-current ions are shifted major-radially outwards, while those of countercurrent ions are shifted inwards. For the typical case of outboard-ballooning fluctuations, 89 this implies that the orbit-averaged diffusivity experienced by co-current ions is smaller than that of counter-current ions, as sketched in Fig. 1(a) . A nonrotating plasma therefore loses more counter-current ions than co-current ions, thus begins to rotate in the co-current direction. Since toroidal rotation damping is small, the rate of co-current bulk rotation must increase until its outward diffusion causes enough co-current momentum loss to balance out the countercurrent loss due to the v -asymmetric orbit-averaged diffusivity, determining the pedestal-top intrinsic rotation velocity. Also, as sketched in Fig. 1(b) , a major-radially inboard (outboard) X-point causes a net relative minorradial outward (inward) displacement of co-current ions, which leads in a fully analogous fashion to a co-current (counter-current) increment in the intrinsic rotation.
The rest of the paper is organized as follows. In Sec. II, the model equations will be presented and simplified with variable transformations, leading to a family of identical equations varying only in the value of a single parameter, the effective diffusivity D eff . Mathematical properties of the simplified equation and an approximate large-D eff solution are derived in Sec. III, while a small-D eff solution is obtained in Sec. IV. The corresponding pedestal-top rotation is derived and discussed in Sec. V. Extensions to and limitations of the model are discussed in Sec. VI. Sec. VII summarizes the paper.
II. MODEL AND TRANSFORMATIONS
In accord with the edge orderings already discussed, this paper analyzes and approximately solves a model axisymmetric drift-kinetic transport equation for the ions. The model, obtained in detail in App. A, represents a diffusive mean-field approximation to a steep-gradient, large-safety factor, large-aspect ratio, sub-sonic reduction of the standard collisionless, electrostatic gyrokinetic formulation of Hahm, 90 set in a shearless, radially thin, simple-circular magnetic geometry B = (B θ b θθ + B φ b φφ )R 0 /R for constant magnitudes B φ , B θ , and R 0 and signs b φ and b θ , letting B 0 .
. Neglecting the ∇B drift until Sec. VI and noting that b θ is equal to the sign of the toroidal plasma current, Eq. (A3) may be written in normalized variables as
(1) Radial position x, poloidal position y, and time t are respectively normalized to L φ , the minor radius a, and the pedestal-top ion thermal transit time aB 0 /B θ v ti | pt , with y = 0 at the outboard midplane. The physics retained is very basic: The axisymmetric ion parallel distribution function f i (x, y, v, t), normalized to pedestaltop ion density over thermal speed n i | pt /v ti | pt , is advected poloidally by the parallel velocity v, normalized to v ti | pt and defined positive for co-current motion, and radially by the geodesic curvature drift. The importance of the curvature drift is indicated by the dimensionless parameter δ . 91 To model transport due to the nonaxisymmetric fluctuating E × B drift, a spatially inhomogeneous radial turbulent diffusivity is introduced, normalized to L 2 φ B θ v ti | pt /aB 0 . In the interests of analytical tractability, the diffusivity's spatial dependence is assumed separable, radially varying as exp(−x) with a strictly positive but otherwise arbitrary poloidal dependence D(y) > 0. The domain is divided into a confined edge region x ≤ 0 and SOL x > 0. In the edge, the boundary conditions are poloidal periodicity f i (x ≤ 0, y 0 ) = f i (x ≤ 0, y 0 + 2π) and approach to a constant in the core
In the SOL, the plasma vanishes at large minor radius f i (x → ∞, y) → 0 and flows purely outward to the divertor legs, f i (x > 0, y 0 , b φ v > 0) = 0 and f i (x > 0, y 0 + 2π, b φ v < 0) = 0, with y 0 the poloidal angle of the X-point. Since f i is taken axisymmetric, Eq. (1) is invariant to a rigid toroidal rotation v rig , normalized to v ti | pt B φ /B 0 and taken positive for co-current rotation. As may be trivially verified, Eq. (1) conserves particleś
and an energy´(1 + v 2 /2)f i dv, in which the 1 represents perpendicular thermal energy. However, all of these quantities may flow into the domain from the left-hand side, physically representing particle, momentum and energy flux from the core, and out to the divertor cut, physically representing outflow to the divertor legs.
Due to the neglect of parallel acceleration, Eq. (1) may be solved velocity by velocity, treating v as a parameter. This allows great simplification through a set of straightforward v-dependent variable transformations. First, switch the radial variable from a magnetic surface label to an ion drift-surface label,
obtaining an equation for f i (x, y, v, t),
Next, use a diffusivity-weighted poloidal coordinatē
and restrict consideration to the steady-state problem ∂ t f i = 0, for which f i (x,ȳ, v) must then satisfy
Finally, apply the transformationȳ → 1 −ȳ for all v satisfying b φ v < 0 and switch to the distended radial variable
obtaining an equation for f i (u,ȳ, v),
The principal goal of this calculation is to obtain the total radial flux of particles with each parallel velocity v. Eq. (1) may be written in standard continuity-equation form ∂ t f i (x, y, v) + ∇ · Γ = 0, with the dimensionless flux density
normalized to n i | pt L φ B θ /aB 0 in thex direction and n i | pt B θ /B 0 in theŷ direction. In steady state, Eq. (1) therefore implies that Γ is divergence-free, so the total outward flux of particles with velocity v may be evaluated using any closed poloidal contour. The simplest form is obtained by evaluating the flux through an ion drift surface, defined parametrically in x via the function g x (y) . = x 0 + δv(cos y − cos y 0 ) for any constant x 0 ≤ 0, equivalently as a surface of constantx ≤ 0. The total dimensionless outward flux of particles with velocity v is then simply
Γ (v)
. 
evaluated at constant u = exp(x 0 /2) ≤ 1. Eqs. (8) and (11) display a remarkable simplification. The original problem Eq. (1) has been exactly reduced to a one-parameter family of otherwise-identical differential equations, Eq. (8) . The single parameter D eff represents an effective orbit-averaged turbulent diffusivity, which depends not only on the magnitude of v, but also on its sign! As sketched in Fig. 1 and discussed in the introduction, this follows from the fact that the major-radial orbit shifts of co-and counter-current passing ions are oppositely directed. For the typical case of outboard-ballooning and radially decreasing diffusivity, this implies that co-current ions effectively experience a weaker turbulent diffusion, since they are shifted minorradially outwards at the outboard midplane, thus avoiding the strongest turbulent diffusion. As will be evaluated in Secs. III-V, this results in a preferential exhaust of counter-current momentum, leaving the plasma to spin up in the co-current direction.
III. EXACT AND LARGE-D eff ANALYSIS
Eq. (8) resembles the "kinetic SOL" models of earlier works, 92, 93 which were solved using the Wiener-Hopf technique following Ref. 94 . However, the procedure of Ref. 94 assumes a spatially homogeneous differential operator, thus cannot be applied to the explicitly udependent diffusion operator of Eq. (8) . Fortunately, despite its inhomogeneity, the differential operator of Eq. (8) does possess an exact Green's function, which will be determined in this section, then used to prove existence and uniqueness of the solution for Eq. (8) and to derive an iterative scheme with strict error bounds for both f i and Γ, exhibiting rapid convergence for large D eff . Efficient treatment of the small-D eff case requires a different solution technique, which will be described in Sec. IV. Since solutions at different v are independent in this model, the explicit v-dependence is suppressed in this section and in Sec. IV.
Taking an approach similar to Farnell and Gibson, 95 one may obtain an exact Green's function for Eq. (8) . The Green's function G(u, ξ,ȳ) should satisfy the homogeneous equation
subject to the boundary conditions G(u, ξ, 0) = δ(u − ξ), G(0, ξ,ȳ) = 0, and G(u → ∞, ξ,ȳ) → 0. Laplace transforming inȳ yields an equation for G(u, ξ, s) =
LG(u, ξ,ȳ) .
in which the root with positive real part is taken, the two homogeneous solutions of Eq. (13) may be written in terms of modified Bessel functions as zI 1 (z) and zK 1 (z), as is easily verified using Eqs. 9.6.27-28 of Abramowitz and Stegun (AS).
96
To match the boundary conditions in u, the Green's function must then take the form
, with H the step function. Choosing g L and g R so that G is continuous at u = ξ while ∂ u G| u=ξ+ − ∂ u G| u=ξ− = −4/D eff , and noting AS Eq. 9.6.15, the Laplace-transformed Green's function is then uniquely determined to be 
The large-argument asymptotic approximation I 1 (w) ≈ e w /(2πw) 1/2 (AS Eq. 9.7.1) may be used to verify that
. The Green's function given by Eq. (15) provides an integral form for the solution to Eq. (8), given any appropriately integrable specified values for f i (u, 0). However, since G vanishes at u = 0 while f i (0,ȳ) = f i0 is generally nonzero, this integral form must be applied to f i − f i0 :
Using Eq. 6.618.4 of Ref. 100, rewritten using AS Eq. 10.2.13 aŝ
and incorporating the boundary condition f i (u > 1, 0) = 0 allows the Green's function formula to be rewritten as
Assuming bounded, continuous initial conditions f i (0 ≤ u ≤ 1, 0), the formula given by Eq. (18) 
, as may be verified by direct substitution.
102
Under reasonable requirements, this solution is shown to be unique in Appendix B.
To this point, the final boundary condition
has not been addressed. To do this, one may use Eq. (18) to recast the problem in an integral form. Define an operator
for allȳ > 0. Consider the special case
If one can find aψ such that
solves Eq. (8) with all the original boundary conditions. Importantly, F 1 (more generally, any Fȳ) represents a contraction mapping, meaning that for any continuous functions ψ 1 and
Noting that G is nonnegative, one has
, one may use the facts that I 0 is nondecreasing
in which I 0 (2) − 1 < 1.28, thus one has the additional Lipschitz constant c = 1.28/D 104 The solution over allȳ > 0 is simply Fȳ[ψ], thus is continuous for allȳ > 0, while the boundary conditions then require continuity on u ∈ [0, 1),ȳ = 0 and u > 1,ȳ = 0. For the nontrivial problem f i0 > 0, the solution must however have a jump discontinuity at the single remaining point u = 1,ȳ = 0 (the X-point), since Eq. (18) 
. This fact will be important for correct calculation of the small-D eff limit in Sec. IV.
One may apply the above arguments to directly construct an iterative approximation and strictly bound its error. Start with any initial guess ψ 0 and let
, thus iterative mapping on any initial guess ψ 0 eventually approaches the fixed pointψ. Eq. (17) then implies that the approximate solution resulting from ψ j , f
, also has absolute error strictly bounded by max j . Since G is nonnegative, a nonnegative (resp. nonpositive) initial error 0 leads to j that are all nonnegative (resp. nonpositive).
The mere existence of this iterative solution procedure has two simple but important implications for the solu-
Since the series of functions ψ j generated by iterative mapping on any initial function ψ 0 , including one satisfying 0 ≤ ψ 0 ≤ f i0 , approaches the fixed pointψ uniformly, one may conclude that the true solution f i = Fȳ[ψ] also satisfies 0 ≤ f i ≤ f i0 . By identical logic, the fact that Fȳ maps nonincreasing functions taking values between 0 and f i0 to nonincreasing functions (see App. C) implies that the true solution f i is nonincreasing.
The u partial of the exact and approximate solutions are given simply by
with ψ either the fixed pointψ or any approximation ψ j , thus the error in the u partial may be bounded by
(24) The Green's function's u partial, is exactly integrable in ξ since ∂ ξ G I = −∂ u G for
When u 2 ≤ D effȳ , the inequality wI 0 (w) ≥ 2I 1 (w) implies ∂ u G ≥ 0 for all ξ, so we may use the exact integral, I 0 (w) ≥ 1, and 1 − e −w ≤ w to obtain
To bound generally for all u and D effȳ , note that Appendix C shows that there is a ξ 0 ≥ 0 such that ∂ u G < 0 for 0 < ξ < ξ 0 and ∂ u G > 0 for ξ > ξ 0 , which implies
Numerical evaluation, compared with Eqs. (27) and (28) in Fig. 2 , shows that for the special case u = 1 one gets
Since the true solution f i satisfies 0 ≤ f i ≤ f i0 , the simple initial guess ψ 0 = 0 satisfies max 0 ≤ f i0 . The corresponding first-order solution
has absolute error strictly bounded by cf i0 . One may therefore use Eqs. (22), (24), (27) , and (29) to bound the absolute error in the corresponding flux estimate 106,107
evaluated at u = 1 and with γ ≈ 0.5772 the Euler constant, with
The first two bounds only use Eq. (29), while the third uses Eq. (27) 
eff .
IV. SMALL-D eff ANALYSIS
Although the iterative method of Sec. III is convergent for all D eff , the rate of convergence becomes slow for D eff 1. In this limit, Eq. (8) may be solved separately in the edge and SOL, using a Fourier series for u < 1 and a Laplace transform for u > 1. Following Oldham and Spanier, 108 the Laplace-transformed relation between f i and ∂ u f i may be approximately inverted for small D eff . The real-space relation may then be used to enforce continuity of f i and ∂ u f i at u = 1 for allȳ > 0. The resulting dense matrix equation for the Fourier coefficients must be truncated and solved numerically, yielding the desired small-D eff relation between D eff and Γ. With this relation in hand, approximations to Γ that are good for all D eff are finally identified.
To solve Eq. (8) 
with the reality constraints determining f −m = f * m . Incorporating the boundary condition f i (0,ȳ) = f i0 and defining z e,m .
2 and f m = c m z e,m I 1 (z e,m ) for asyet-undetermined complex coefficients c q and c m . This may be straightforwardly verified using AS Eqs. 9.6.27-28, which also show f m = c m z 
Incorporating the boundary condition f i (u → ∞,ȳ) → 0 and defining z S . = 2u s/D eff with positive real part,
, with c S an as-yet-arbitrary function of s. AS Eqs. 9.6.27-28 may again be used to verify the solution, also yielding
Since small D eff corresponds to large z S , use AS Eq. 9.7.2 to obtain the asymptotic approximation to the ratio of F and ∂ u F :
Multiplying the asymptotic relation by ∂ u F , one may invert the Laplace transform using the convolution the- 
with erf the error function.
[The ratio erf((2πimȳ) 1/2 )/(2πim) 1/2 is independent of branch choice as long as the branch is chosen consistently for the two roots, a property that will hold for all similar square-root pairs in this section.]
Recall the goal: to calculate the D eff -dependent relation between f i0 and Γ, the latter of which may be easily evaluated as Γ = D y0 c q . In principle, Eq. (37) must furnish c q as a function of f i0 . However, since f i0 appears only in the m = 0 component of Eq. (37) , it is easier to take c q as given and solve for f i0 , then invert the resulting scalar function f i0 (c q ) after the fact. Specifically, 
at which point the m = 0 component may be written as
in which the scalar function Ψ(D eff ) .
√ πm, and for n = m: eff term at large D eff . One may improve the fit using the log of the higher-order polynomial
with c 2 = 4 and c 3 = −4a 1 chosen to match Γ a to order D for large D eff ; and c 4 = exp(4/(1 + a 1 + a 2 )) + 4a 1 − 5 − 9e −4γ to set Γ equal to Γ a at D eff = 1.
V. ROTATION
In Secs. III and IV, explicit expressions for the velocitydependent flux Γ(v) were determined in both large-and small-D eff approximations, then fitted with simple (Γ s ) and more precise (Γ ) approximations to Γ good for all D eff . In this section, these flux expressions will be combined with the assumption of a rigidly-rotating Maxwellian at the boundary with the core, f i0 (v) = e −v 2 /2 / √ 2π in the rotating frame, to obtain a general momentum balance equation determining the pedestaltop rotation velocity in the presence of an arbitrary specified torque on the core plasma. The special cases of intrinsic rotation and zero rotation will be evaluated and discussed. Although the general formulas may be used for any D(y) > 0, plots and linearizations will assume a simple ballooning diffusivity D(y) = D 0 (1 + d c cos y) with constant D 0 and |d c | < 1, for which AS Eq. 9. 110 Numerical evaluation uses Γ and analytical formulas use Γ s . The predicted total fluxes of density, toroidal angular momentum, and parallel heat may now be straightforwardly obtained as appropriate moments of Γ. In the rotating frame, these are
respectively normalized to Fig. 5 , show the momentum and heat transport to be dominated by somewhat suprathermal pedestal-top ions. The momentum transport Π is negative, indicating an outward flux of counter-current momentum, thus a co-current acceleration for a nonrotating plasma. Since Π is independent of the rigid toroidal rotation or its gradient, it represents a residual stress. The fact that Π is a significant fraction of Γ p and Q demonstrates the robustness of the mechanism and implies significant momentum transport for a nonrotating plasma.
In the lab frame, one obtains the general steady-state momentum balance equation
balancing the co-current torque τ applied to the plasma core, normalized to intrinsic rotation is a special case) or to infer the approximate torque required to obtain a specific pedestaltop rotation (for which null rotation is a special case). Being determined by a balance of fluxes through the pedestal, the pedestal-top rotation should settle to its steady-state value on the rather rapid pedestal transport timescale, a few times the ion transit time at the LCFS, ∼ q 95 R 0 /v ti | sep . Since the core rotation evolution is typically much slower, Eq. (44) may often be used to estimate the quasistatic response of pedestal-top rotation to a slowly changing momentum flux from the core. As an example, such an estimate could be used to provide an outer boundary condition for a global simulation of core momentum transport. When the predicted momentum flux from the core (τ ) is small relative to Π, the edge rotation becomes effectively "stiff," approximately taking a fixed value regardless of τ .
Intrinsic rotation is an important special case, defined by vanishing core torque τ . In the absence of toroidal momentum sources and damping, the net outward flux of toroidal angular momentum through the pedestal must vanish. Since Eq. (1) is independent of v rig , so are Γ p and Π, thus one may solve Eq. (44) trivially for the intrinsic rigid rotation v int :
As shown in Fig. 6(a) , the intrinsic rotation is co-current and represents a Mach number of up to a few tenths for realistic parameter values. The dimensional linearization in the small-D 0 limit,
shows the basic physical scaling of the pedestal-top rotation velocity: linear in the product of the pedestaltop passing-ion drift-orbit width qρ i | pt and ion thermal speed v ti | pt . The drift orbit width introduces a 1/B θ ∝ 1/I p scaling, as typically observed in experiment, 6, 24 while the predicted linear dependence of edge rotation on temperature has been recently observed in dedicated experiments.
10,15 A co-current spin-up at the L-H transition is expected due to increasing T i | pt and steepening gradients, thus decreasing L φ . The strong dependence on poloidal X-point angle y 0 is striking, with a 22
• inboard X-point having nearly double the rotation of a straightdown X-point and a 22
• outboard X-point having essentially zero intrinsic rotation. This prediction is not yet tested.
Recent experiments on DIII-D applied unbalanced NBI heating to zero out the rotation profile. 16 This case may be addressed by requiring concurrent power and torque balance,
setting v rig = 0, and solving for
with P NBI the total beam power, f unb . = (P co NBI − P ctr NBI )/P NBI the unbalanced beam fraction, f NBI the fraction of heating by NBI, f c the fraction of heat transported by ions, and v NBI the beam ion velocity. The ratio Π/(Γ p + Q ) is plotted in Fig. 6(b) . Since v NBI /v ti | pt is typically large, f unb may be a significant fraction of −1, as observed by Ref. 16 .
Physical understanding is aided by consideration of the inboard and outboard rotation profiles in real space. Using the approximate solutions f Radial profiles of the toroidal momentuḿ
vfi dv (total, purple) at the inboard (left) and outboard (right) midplane, separately showing the absolute contributions of co-going ions´∞ 0 |v|fi dv (co, blue) and counter-going ions´0 −∞ |v|fi dv (ctr, red).
112 and inverting the coordinate transforms of Sec. II, one obtains an approximate f i (x, y, v). Fig. 7 shows the radial profiles of toroidal momentum for v rig = 0 at the inboard and outboard midplane, in addition to the separate contributions of co-and countergoing ions. The co-and counter-going contributions to the momentum profiles decrease monotonically in radius, showing that the turbulent flux of momentum is always radially outward in this purely diffusive model. There is no pinch or other inward turbulent flux of momentum. However, at the outboard midplane, the steep-gradient region for co-current ions is shifted outward to a region of weaker diffusivity, resulting in a smaller outward flux of co-than counter-current momentum. Although countercurrent ions are shifted outward at the inboard midplane, the diffusivity there is weak so no cancellation results, leaving a net outward flux of counter-current momentum for a nonrotating pedestal top, v rig = 0. Fig. 7 highlights the radially global nature of the spinup, which results from the interaction of nontrivial radial profiles with the geodesic curvature drift and spatial variation of the diffusivity. Recall that f i is the equilibrium distribution function, usually referred to as F 0 or F M in a radially local model. A standard radially local model neglects radial variation of both F 0 and its gradient, setting the effect of the orbit shifts on ∇F 0 -therefore also on the turbulent dynamics-identically to zero. The assumed radial homogeneity of F 0 and of the magnetic geometry also artificially set the radial gradient of fluctuation intensity identically to zero.
One may also compare with heuristic pictures of edge rotation. For example, ion orbit loss physics appears in the model's outboard co-current and inboard countercurrent rotation layers at the LCFS, because there are less ions on loss orbits (u > 1) than confined orbits (u < 1). Transport-driven SOL flows, as observed in C-Mod, 52 also occur naturally in the present model. However, without a radial diffusivity gradient (or some other symmetry-breaking mechanism), neither of these effects drive pedestal-top rotation: lim δ,D→0 v int = 0. To understand this physically, for orbit loss note that the flow layers are caused by the orbit shifts of Fig. 1 , then compare co-and counter-going orbit-averaged diffusivities for radially constant diffusivity. For transportdriven flows, take diffusivity as radially constant and consider a poloidal "halfway point" y 1/2 defined such that
D(y ) dy . From y 0 to y 1/2 , co-and counter-going ions have both diffused equally out into the SOL to drive SOL flows, and they have an equal amount of diffusion remaining to return to the confined edge and drive flows there.
VI. GENERALIZATIONS AND DISCUSSION
Many simplifications were needed in order to obtain the tractable Eq. (1). In this section, generalizations reintroducing some effects of the E × B and ∇B drifts are presented. Other generalizations and the implications of omitted terms are qualitatively discussed.
A spatially-constant poloidal "offset" 113 E × B drift v E , normalized to v ti | pt B θ /B 0 and defined positive for E r < 0, and a ∇B drift, evaluated with v 
Following Sec. II but modifying the definitions ofx,ȳ, and D y0 with the substitution δv 
Without v E , the inclusion of the ∇B drift typically causes a moderate (∼50%) enhancement of the co-current intrinsic rotation due to larger drift-orbit excursions. For D 0 O(1), the v E from a negative (positive) E r induces a counter-(co-)current increment to the intrinsic rotation, due to a flattening of the gradients and corresponding flux reduction for ions with poloidal components of v and v E in opposition. For D 0 much smaller than 1, the non-linearized momentum flux due to v E can change sign, but this occurs mostly due to particles with v + v E ≈ 0, for which Eq. (50) becomes inaccurate.
Other effects of E r , difficult to incorporate into the present framework, may contribute to rotation in experiment. E r shear likely reduces the size of the v E correction just discussed, due to partial cancellation between the pedestal E r < 0 and SOL E r > 0. To some extent, effects of E r shear on the turbulence are implicitly included in the present work via the modeling of experimental turbulence parameters with D turb . Although small by this paper's orderings, the divergence of the E × B drift can drive poloidally asymmetric toroidal flows that compete with the corresponding curvature-driven toroidal flows for n i eE r ∼ ∇p i and a straight-down X-point in a fluid model. However, in addition to any kinetic enhancements of the curvature-driven flows, a typical inboard X-point doubles the flow-driving effect of curvature but not of
Interpretation of the rotation saturation term v rig Γ p in Eq. (44), a diffusive momentum flux resulting from a momentum gradient, is somewhat nuanced. Formally, the present model is core-fuelled and v rig Γ p represents the convective flux of momentum due to density transport in the presence of bulk rotation. Quasineutrality forces real ion density transport to be coupled to electron physics, possibly introducing corrections to the predicted density flux. Also, in experiment most density fuelling occurs in the outer edge or SOL, as could be modeled by adding a source term to the RHS of Eq. (1). Inside the fuelling radius, this reduces the density gradient and increases the velocity gradient without affecting the total momentum gradient, assuming the neutrals have negligible toroidal velocity. So, in an edge-fuelled plasma, the term v rig Γ p may effectively model turbulent viscosity (diffusive momentum transport without net density transport), which is not directly constrained by quasineutrality.
In the Introduction, the spatial decay of potential fluctuations for increasing r was used to argue that D turb should also drop with increasing r. In transport modeling of the SOL, the inferred diffusivity often increases with r. However, this diffusivity is based on a comparison of SOL fluxes with SOL gradients, which are dominated by the contribution of ions with energies much lower than T i | pt . Such ions enter the SOL predominantly by radial transport, a large and radially-increasing fraction of which is convective transport due to blobs, leading to large inferred diffusivities. In contrast, the high-energy ions that dominate the pedestal momentum flux enter the SOL primarily due to radial drift orbit excursions so, unlike the low-energy ions, their position in the SOL is uncorrelated with the position of the intermittent blobs and they usually hit empty space, supporting the assumption of radially decreasing D turb in evaluation of the pedestal momentum flux.
A number of other approximations may also be of importance. Although unlikely to directly cause large momentum flux, collisions cause particles to "forget" their orbits. The collision times of the spin-up-dominating suprathermal pedestal-top ions are typically longer than their pedestal-crossing time, suggesting the spin-up mechanism to be relatively weakly affected by collisions. However, the more collisional lower-energy ions contribute to the toroidal viscosity, thus collisions may modify the saturation mechanism. Note also that Eq. (1) [Eq. (50)] replaces trapped particle orbits with narrow [very fat] passing orbits. Since the very fat passing orbits should greatly overestimate these ions' effect, the typically rather modest difference between the rotation results of Eqs. (1) and (50) suggests that inclusion of particle trapping should not qualitatively change the presented results. Other omitted factors such as flux surface shaping, ELMs, and magnetic field errors may also play a role in rotation in experiments. Finally, recall again that this article takes the turbulent transport parametrization as an input, not calculating it self-consistently.
The asymmetric diffusivity sketched in Fig. 1(a) , when evaluated for outboard ballooning and radially increasing fluctuations, predicts a net outward flux of co-current momentum leading to a counter-current rotation increment. As an interesting example, should the fluctuation level inside an internal transport barrier (ITB) be lower than the fluctuation level outside, and should the change in fluctuation level occur over a sufficiently short scale length, the physics of Fig. 1(a) suggests that there should be a counter-current rotation increment inside the ITB, as has in fact been observed in experiment.
11,114 Further investigation is needed to determine if this effect or other core rotation physics is dominant in this case.
VII. SUMMARY
In a simple transport model for the tokamak pedestal and SOL, the interaction of magnetic drifts with the spatial variation of inhomogeneous but purely diffusive turbulent transport has been demonstrated to cause residual stress and intrinsic rotation of experimentally relevant magnitude (Fig. 6) . The physical origin of the spontaneous rotation is an asymmetry of the orbit-averaged diffusivities for co-and counter-going passing ions (Fig. 1) . Equivalently, toroidal angular momentum profiles given by the model (Fig. 7) show that the intrinsic rotation results from a shift between the steep-gradient regions for co-and counter-current ions in the presence of a radial diffusivity gradient, a nontrivial profile effect that is identically set to zero in a standard local model. The dimensional prediction for pedestal-top intrinsic rotation is co-current and proportional to T i | pt /B θ L φ [Eq. (46) ], in agreement with experimental observations. To achieve null pedestal-top rotation, the model predicts that NBI heating must be order-unity unbalanced in the countercurrent direction [Eq. (49)], as observed in experiment. Through its effect on the orbit shifts, an inboard (outboard) angle of the X-point is predicted to strongly drive co-(counter-) current rotation [ Fig. (1)(b) ].
provisions of the Euratom Treaty.
Appendix A: Model derivation
In this appendix, Eq. (1) will be obtained as a reduction of the ensemble average of Hahm's collisionless, electrostatic gyrokinetic formulation, 90 treating approximations consecutively: a purely diffusive ansatz for the transport, a radially thin simple-circular geometry motivated by L ⊥ /a ∼ 1, equilibrium parallel acceleration ordered out by large safety factor q ∼ −1 and aspect ratio a/R 0 ∼ , integration over the magnetic moment, and finally the assumption of small poloidal E × B Mach number and a specific form for the turbulent diffusivity.
Splitting the total dimensional distribution function F tot into its ensemble average F . = F tot and fluctuatioñ F . = F tot − F and similarly decomposing the gyroaveraged potential Φ tot → Φ +Φ (denoted by Hahm as Ψ), the ensemble average of Hahm's Eq. (24) may be written as ⊥ ρ i qR 0 , and will be neglected from now on. For the E × B transport term, since the turbulent autocorrelation times ∼ L ⊥ /v ti are much shorter than the radial transport time ∼ qR 0 /v ti , the radial transport process consists of many small uncorrelated steps. The central limit theorem then suggests that a diffusive transport approximation is wellmotivated. Since parallel wavelengths of the fluctuations are also of order 1/qR 0 , the parallel phase advance of an ion in a turbulent autocorrelation time is of order L ⊥ /qR 0 ≪ 1, so it is unlikely that the E × B diffusivity depends significantly on the ions' parallel velocity. Although gyroaveraging suggests that the diffusivity should have some M dependence, this should not play a central role in the toroidal momentum transport, so neglect that for simplicity. Finally, since the radial gradient of F is much steeper than its poloidal gradient and the gradients of the confining magnetic field, take
for some turbulent diffusivity D turb , allowed at this point to have arbitrary spatial dependence. The topology change from closed to open field lines predominantly involves variation of the poloidal magnetic field in the immediate poloidal vicinity of the X-point. Neglect the details of this variation and retain this dependence only as a SOL boundary condition of outgoing ions at a specific poloidal angle, equivalent to an ideal limiter. Note that such a purely outgoing boundary condition is appropriate for the ions that dominate the spinup mechanism discussed in this article, which have relatively large energies, comparable to the pedestal-top ion temperature.
The remaining variation of the confining magnetic field occurs on the R 0 scale both poloidally and radially. In contrast, F and Φ should vary radially on the short length scale L ⊥ , but poloidally on a much longer scale a. Since the magnetic gradients are crossed with perpendicular gradients of F or Φ, the terms with minorradial gradients of the magnetic field are small in L ⊥ /a. Since the minor-radial width of the domain of interest is also of order L ⊥ R 0 , one may neglect the minor-radial variation of magnetic quantities altogether.
Neglecting all other details of magnetic shaping, adopt a radially-thin simple-circular geometry. Specifically, with θ and φ the simple poloidal and toroidal angles oriented such thatr ×θ =φ, take magnetic field B = (B θ b θθ +B φ b φφ )R 0 /R with constant magnitudes B φ , B θ , and R 0 and signs b φ and b θ , letting B 0 .
. The minor-radial position is then r = a + X, with a constant and X/a ∼ L ⊥ /a 1. Consistently neglect X in evaluation of B, major-radial position R → R 0 + a cos θ, and the metric factors → dX, a dθ, and (R 0 + a cos θ) dφ. In this approximation,
Before any further simplifications, it is worthwhile to consider toroidal angular momentum conservation in the reduced geometry. The dominant contribution to the toroidal angular momentum density is that in the parallel flow of ions, p φ, , with p φ, . = (B φ b φ /B 0 )m i RV F and the overbar indicating velocity space integratioń dV ´B dM · This can now be straightforwardly evaluated as
The four terms indicate time variation, momentum flux, parallel acceleration and change of radius. Recalling Eqs. (A1) and the simplified geometry, the parallel acceleration can be seen to result from the mirror force, parallel electric field E , and parallel energy loss due to curvature drift up a potential gradient. [Considering the characteristics, the latter contribution results from a geometric parallel-perpendicular exchange term, v E · (V b · ∇b), which appears in the second term of
The change of radius follows from parallel free streaming and the E × B drift. The parallel acceleration due to curvature drift along ∇Φ and change of radius due to the E × B drift cancel, jointly conserving angular momentum. By quasineutrality and negligible electron mass, the acceleration by E must represent momentum redistribution within a flux surface via the electrons, basically cold-ion sound wave physics. The mirror force and the change of radius due to parallel flow correspond to the toroidal Lorentz torque density, as is directly seen by evaluating F (e/c)(B θ b θ R 0 )d T X ·X. (Of course, it is exactly this balance that leads to conservation of the canonical toroidal angular momentum.) The combination of these terms with the corresponding electron terms would constitute the torque due to the radial gyrocenter current. In order that the true flux-surface averaged radial current vanish, and with it the corresponding torque, this gyrocenter current is balanced by an opposing ion polarization current, showing in essence that the change in parallel toroidal angular momentum is canceled by a corresponding change in the E × B contribution to the toroidal angular momentum, as has been elegantly and quite generally demonstrated.
62,63
To obtain a simplest-possible conservative model retaining only the ion parallel toroidal angular momentum, the terms constituting momentum exchange via the electrons and with the E × B rotation must be ordered small relative to the radial transport terms. This may be accomplished, while retaining the radial drifts, by taking q ∼ 1/ 1 and a/R 0 ∼ 1, as may be seen by comparing the surviving terms of (p φ, /V )d T V and p φ, d T X · ∇ ln R with the corresponding terms of
Physically, the poloidal magnetic field has been ordered small, and with it the toroidal Lorentz torque. Although these orderings are only modestly satisfied for typical experimental parameters, and although they neglect the physics of particle trapping, they lead to a simple, well-behaved, conservative reduction capturing the largest terms in the edge toroidal momentum balance.
The assumptions of large q and small a/R 0 , combined with the orderings 
Poloidal and radial advection by v E are formally of the same order, (c/B * )b × ∇Φ · ∇F ∼ (c/B * )(F Φ/L ⊥ a), thus both may be neglected relative to parallel advection when the poloidal E × B velocity is small relative to the poloidal parallel velocity, cE r /v ti B θ 1. The turbulent diffusivity is assumed separable with exponential decay in the radial direction,
The fact that the diffusivity decays in radius is motivated by extensive experimental data 67, [81] [82] [83] [84] [85] [86] and determines the sign of the predicted residual stress. The separability and the specific exponential form of the radial decay are of great technical expedience, but are not central to the qualitative results of the calculation.
Explicitly written in X, Y , φ coordinates, one then has
which, upon neglect of the ∇B drift, becomes the dimensional form of Eq. (1).
Appendix B: Uniqueness of Green's Function solution
In this appendix, the uniqueness of the solution of a weak formulation nearly equivalent to Eq. (8), with boundary conditions f i = f i0 for u = 0, f i → 0 for u → ∞, and f i → f init (u) forȳ → 0, will be demonstrated. The nature of the approach to the initial conditions and some restrictions on the initial conditions themselves are given precisely in the following proof. (8) with the boundary conditions f = 0 for u = 0, f → 0 for u → ∞,
with the associated norm η . = η, η 1/2 , in which η and are functions of u. Define the solution f on allȳ > 0 and require that f 2 + ∂ u f 2 is well-defined. [More precisely, the solution f must belong to the Sobolev space H 1 corresponding to the inner product of Eq. (B1 The application of the mapping Fȳ[ψ] to a nonincreasing test function ψ that takes values between 0 and f i0 is nonincreasing: One may replace the integral in Eq. (23) with´∞ 0 ψ ext ∂ u G dξ, defining the nonincreasing function ψ ext to equal ψ for 0 ≤ ξ ≤ 1 and 0 for ξ > 1. As we will show below, there is a ξ 0 ≥ 0 such that ∂ u G > 0 for ξ > ξ 0 and ∂ u G < 0 for 0 < ξ < ξ 0 . We may then use Eqs. (23) and (26) to bound ∂ u Fȳ[ψ] from above:
which is nonpositive for nonincreasing ψ, as desired. Consulting Eq. (25), the sign of ∂ u G is the same as that of g s (ξ) . = ξ/u − I 1 (2uξ/D effȳ )/I 0 (2uξ/D effȳ ). The ratio I 1 (w)/I 0 (w) ranges from zero at w = 0 to one for w → ∞, with positive slope and negative curvature for all w > 0. The function g s therefore takes the value zero at ξ = 0, grows large and positive at large ξ, and has monotonically increasing slope. If g s (0) ≥ 0 (which occurs for u 2 ≤ D effȳ ), then g s , and therefore also ∂ u G, is positive for all positive ξ. If g s (0) < 0 then g s , and therefore also ∂ u G, is negative for ξ between 0 and some ξ 0 > 0 and is positive for ξ > ξ 0 .
Appendix D: Convergence of small-D eff approximation
In this appendix, it is demonstrated that the true relation between f i and ∂ u f i for u > 1 lays between that given by Eq. (36) and the leading-order truncation obtained by omitting Eq. (36)'s last term. In addition, these two approximations approach each other as D eff → 0, thus they must also approach the true relation. To make the estimate, we will take the true ∂ u f i as known and evaluate the error resulting from the approximate expression for f i .
First, rewrite the exact SOL relation between F and ∂ u F in the convenient form 
Since the true ∂ u f i is nonpositive (c. f. Sec. III), the truê f is nonnegative. As we will show, the function χ is also nonnegative. This shows that the f i resulting from neglecting the last term of Eq. (D1), or equivalently from neglecting the last term of Eq. (36), underestimates the true f i . We will also show that χ(ȳ) ≤ (D eff /16πu 2ȳ ) 1/2 , which implies [using a change of variables to w . = (y − y )/(ȳ − y )] thatȳ has positive real part, thus the integrand is analytic over the complex plane cut along the nonpositive real axis. One may therefore close the integration path for χ out to s → −∞, avoiding the nonpositive real axis. Consulting AS Eqs. 9.6.8-9 and 9.7.2, the contribution of the legs at infinity and the origin vanish, thus letting w . = ∓iz S for the leg just above/below the negative real axis one obtains
Using AS Eqs. 9.6.32, 9.6.4, 9.1.4, 9.1.40, and 9.1.28, the square-bracketed factor may be more simply rewritten as ∂ w ln(J 
